Exam #1 - Data Structures and Algorithms Computer Science 308-251 A - October 2, 2003

1. Big "O" notation (5 points)

Prove or disprove that if f(n) = O(s(n)) and g(n) = O(r(n)), then:

(a) f(n) + g(n) = O(s(n) + r(n)),

(b) f(n) - g(n) = O(s(n) - r(n)).

2. Induction Proof (triangulations of point sets) (5 points)

Let S be an arbitrary set of n > 2 points in the plane in general position (no three collinear). A triangulation ofS is a geometric graph obtained by creatingas many triangles as possible by adding line segments (edges) between pairs of points inS with the restriction that no two edges cross each other, i.e., the inserted edges touch each other only at their endpoints (points in S). For example if n=3 we can add 3 edges between all 3 pairs of points to obtain a triangle (the smallest triangulation). Prove by induction that S admits a triangulation.

3. Collapsing Compass (5 points)

In proposition II of Book I of The Elements, Euclid proposed an algorithm (using the straight-edge-and-collapsing-compass computer) totransfer (or displace) a given distance [a,b] to a new location so that one end point, say a, lies on a pre-specified point c in the plane.

(a) Given a configuration consisting of a line segment [a,b] and a point c, design an algorithm that uses only the collapsing-compass (no straight edge) to draw a circle of radius [a,b] centered at point c. The Lemoine simplicity of such an algorithm is the number of circles drawn. What is the Lemoine simplicity of your algorithm? The lower the Lemoine simplicity of your algorithm, the higher the mark.

(b) Give a proof of correctness of your algorithm.

4. Algorithms for Turing Machines (5 points)

Let T(k) be an k-state Turing machine. Design an algorithm for T(k) that reads a tape with 3n+1 consecutive marks on it (where n is any arbitrarily large integer not smaller than 1) as input, and erasesall but the (n+1)-st mark. Use the symbolsR,L,X and - for: move right, move left, make a mark and make a blank, respectively. Assume the machine starts in state 1 and the reader is located on the leftmost mark on the tape. The machine should go to state 0 (the stop state) when finished. Let your instruction units (lines of code) be 4-tuples of the form (a, A, B, b) where a denotes the present state, A takes on the symbols X or -, B takes on the symbols R or L or X or -, and b denotes the next state entered. The states a and b are integers. Example: if the machine is in state 5 and the reader is on a mark then move to the right one unit and go to state 7. The lower the value of k the higher the mark.