- 1 -

COMPUTATIONAL GEOMETRY - CS 308-507 A - ASSIGNMENT #1

1. Constructing a Square with the Toothpick Computer

You are given the empty plane with two constructed points on it: (0,0) and (1/2,0) as well as in infinite supply of ideal unit length “toothpicks.” By putting down toothpicks on the plane the toothpick computer can compute anything the straight-edge and compass can. Here are the basic operations and rules allowed with this computer.

(1) No two toothpicks are allowed to intersect at more than one point.

(2) A toothpick may be placed with endpoints at given constructed points.

(3) A toothpick may be placed with one end at a given constructed point and through another constructed point if the toothpick is long enough. (A toothpick may not be placed merely by pointing to a constructed point.)

(4) On two constructed points that are close enough, two toothpicks may be placed simultaneously to form an isosceles triangle.

(5) Endpoints of placed toothpicks are constructed points.

(6) The intersection point of two placed non-collinear toothpicks is a constructed point.

(7) If we can rotate a toothpick about one end so that the other end is the only point of intersection with a second given toothpick then the point of intersection is a constructed point.

Design an algorithm for constructing a unit square, using as few toothpicks as you can, with the above toothpick computer. The fewer the toothpicks the higher the mark.

2. Measuring Distances with Rulers that have Few Marks

We are interested in using rulers with a minimum number of marks that can measure a maximum number of integer distances. Let R(n) be a ruler with n marks.

(a) A configuration of marks uniquely determines a multiset of distances. Does the converse also hold true? Proposition: a given multiset of distances uniquely determines a configuration of marks (up to reflection)? Prove or disprove the proposition for n=4. Prove or disprove the proposition for n=6.

(b) A ruler with n marks that contains no duplicate mark-to-mark distances, and such that no integer distances are missing between the smallest and largest, is perfect. For example R(3) is perfect. Prove or disprove that a perfect R(5) exists.

3. Circles Enclosing Polygons

Given: A polygon of n sides (possible self-intersecting) such that the length of each side is at most 1. Prove or disprove that the polygon may be permuted so that it fits in a circle of radius . A permuted polygon is obtained by rearranging its edges without changing their magnitudes or directions.

4. Recognizing Convex Polygons with a Real-RAM Computer

Let P be an arbitrary (possibly self-crossing) polygon in the plane consisting of n edges. Using the basic real RAM model of computation describe an algorithm that decides whether or not P is convex in O(n) worst-case time. Provide a detailed complexity analysis and a detailed proof of correctness.

5