COMPUTATIONAL GEOMETRY Computer Science 308-507 A - November 13, 2003

Exam #2 (answer 3 of the 4 problems)

1) Voronoi diagrams (10 points)

Consider a set of points in the plane in general position (no 3 collinear and no 4 co-circular) P = (p_1, p_2,..., p_n), i = 1, 2,..., n, n > 3. We say that two points (p_i, p_j) are Gabriel neighbors if the smallest circle containing p_i and p_j does not contain any other point of P. We say that two points (p_i, p_j) are strong Voronoi neighbors if the line segment joining p_i and p_j intersects the edge of the Voronoi diagram shared by the Voronoi polygons of p_i and p_j. Prove that any two points of P are Gabriel neighbors if, and only if, they are strong Voronoi neighbors.

2) Randomized Incremental Convex Hull Algorithms (10 points)

(a) Describe a 2-dimensional randomized incremental algorithm for computing the convex hull of n points in the plane (in general position) that runs in O(n log n) expected time.

(b) Give a proof to establish its expected complexity.

3) Proximity Graphs (10 points)

Consider a set of points in the plane in general position (no 3 collinear and no 4 co-circular) P = (p_1, p_2,..., p_n), i = 1, 2,..., n, n > 3. Prove by contradiction that the minimum spanning tree of P is a subgraph of the Relative Neighborhood Graph of P.

4) Arrangements of Lines (10 points)

Consider a set of lines in the plane in general position (no 2 parallel and no 3 that meet at a common point) L = (l_1, l_2,..., l_n), i = 1, 2,..., n, n > 3. These lines yield a set I of O(n^2) intersection points. Invent an algorithm that computes the diameter ofI in O(n log n) worstcase time. Give a proof of correctness and a complexity analysis.

Hint: Prove that the vertices of the convex hull of I are a subset of the intersection points in I that correspond to pairs of lines adjacent by slope.