Introduction to Recursion

The classic recursion relation is given by:
F(1)=1

F(2)=1

F(n) = F(n-1) + F(n-2)

Which gives rise to the Fibonacci sequence
1,1,2,3,5,8,13, 21, 34,55, .......

It has the closed-form solution (Binet’s Formula):
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Jacques Binet
(from Wikipedia)

F(n)=

~ 1.6180339887... isthe golden ratio.

where ¢ =



Fibonacci Numbers in Pascal’s Triangle

The Fibonacci numbers are the sums of the terms along specific diagonals.

8 56 70 56 28 8 1
9 36 84 126 126 84 36 9 1




Methods of Solving Recurrence Relations

* Repeated substitution
* Analysis of the recursion tree
* Applying one of the Master Theorems

* Guess an upper bound and prove it



Example 1: Linear Search in an Array

* Recursively examine the first element in the
array and then search the remaining elements.

e T(n)=T(n-1) +
e T(n), the time to search n elements, is the

time to examine 1 element, plus the time to
search the remaining n-1 elements.



Linear Search (continued)

* Repeated substitution yields:

T(n)=T(n-1) +C (1)
But, T(n-1) = T(n-2) + ¢, from above

Substituting back in:

T(n)=T(n-2)+c+c

Gathering like terms yields:
T(n) =T(n-2) + 2c (2)




(n-2) =T(n-3) +c

)=T(n-3) +c+ 2c
=T(n-3) + 3c
tion number 4




Result at ith substitution

T(n) =T(n-1) + 1c

T(n) =T(n-2) + 2c

T(n) =T(n-3) + 3¢

T(n) = T(n-4) + 4c
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Binary Search (continued)

Three repeated substitutions yield:

T(n)=T(n/2) +cC (1)
but T(n/2) =T(n/4) + ¢, so

T(n)=T(n/4)+c+c

T(n) =T(n/4) + 2c (2)
T(n/4)=T(n/8) +c

T(n)=T(n/8) + c+ 2c

T(n) =T(n/8) + 3c (3)



Result at i unwinding

T(n)=T(n/2) +c

T(n) =T(n/4) + 2c

T(n) =T(n/8) + 3c

T(n)=T(n/16) + 4c




Result at ith su

pstitution

=T(n/2) +c

=T(n/21) + 1c

=T(n/4) + 2c

=T(n/2%) + 2c

=T(n/8) + 3c

=T(n/23) + 3c

=T(n/16) + 4c

=T(n/2%) + 4c







