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Introduction

Several algorithms for determining the convex
hull of a set of points in two and three dimensions
have been published recently [1—6]. It has also been
established [7] that the complexity of the 2-dimen-
sional convex hull problem is O(n log n). In this note
we describe a new algorithm for obtaining the con-
vex hull of a set of points in the plane and empiri-

cally compare it to one of the best known algorithms.

The simplicity and speed of the proposed algorithm
make it worth reporting.

The basic ideas

The algorithm is based cn the fcllowing simple
ideas:

(1) Determining the four extremal points of the
set and discardiny all points interior to the convex
quadrilateral they form.

(2) Breaking the problem into four subproblems
determinea by the extremal points.

(3) Using the vector cross-product to find the
convex path in each problem.

These ideas are now explained in detail. We assume
throughout the following discussion that points are
given by their cartesian coordinates.

* This research was supported by the National Research
Council of Canada under grants NR7’—A9293 and NRC-
A3599.

1. Extremal points

These are the four points with minimuwm and maxi-
mum X and Y coordinates: say XMIN, XMAX,
YMIN, YMAX, respectively. From Fig. 1, two facts
are obvious,

(a) The extremal points must belong to the con-
vex hull.

(b) Any point intericr to the ¢~ 1vex quadrilateral

whose corners are the extremal pcints canrot belong
to the convex hull.
It follows that by identifying the extremal points
one adds these points to the convex hull and discards
all roints falling inside the quadrilateral the form.
We call this the “throw-away” principle.

If there are several candidates with the same ex-
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Fig. 1.
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treme x or y values their endpoints are kept as extre-
mal points. For example, if several points have the
same maxim»'m y coordinates only the leftmost and
rightmost of these are kept as YMAX extrema thus
yielding a possibly pentagonal “throw-away” region.

2. Subproblems

Once the four extremal points have been deter-
mined, and some points eventually discarded, one
can break the remaining, set of points into four
reainps, as shown in Fig. 2. All that remains is to
finu a convex “path” from one extremal point to the
other in the same region.

CORRIRY

$>0

Fig. 3(a).
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3. Vector cross-product

While examining the points in one of the regions
for inclusion in (or exclusion from) the convex huli,
assume that we are advancing along an edge of the
quadrilateral such that the region is at our left, as
shown in Fig. 2. Assrme further that we are looking
at three consecutive points k, k + 1, and k + 2. Ob-
viously if point k + 1 is as shown in Fig. 3(a) it is to
be kept temporarily, while it is to be discarded from
further consideration if it is as in Fig. 3(b).

If 2, b and @ are as shown in Fig. 3(a) and (b),
then the cross-product of the two vectors is given by

S=absinb
= Wie1 — Yi)&ks2 — Xke1)
+ @k — Xk+)Wre2 — Vir1) -

In Fig. 3(a), Sis positive and in Fig. 3(b) it is negative.
We thus have the following simple r: le:

IfS>0 Keeppoint(k +1),

else delete point (k +1).
Before presenting the algorithm we point out that in
some cases two extremal points may coincide as
shown in Fig. 4. The sole effect of these situations
is that the number of subproblems is reduced.

The algorithm

Step 1. Find the extremal points and delete all
other points falling inside the polygon they form.
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Step 2. Sort the remaining points on their x-coor-
dinate: in ascending order for regions 1 and 2 and
descending order for regions 3 anc 4.

Step 3. For each region find the convex path
from one extremal point to the other using the fol-
lowing rule:
<<(1) Starting with one extremal point do (a) and

(b) below for every three consecutive points
k, k + 1,k + 2 until the other extremal point
is reached.

(a) Compute S.

(b) If § > 0 move one point forward; else

delete point (k + 1) and move one point
backward.
(2) If (1)is completed without any deletion,
stop; else repeat (1)>>
In Step 1 a point is assigned to either the quadri-
lateral or one of the subregions using the point-in-
polygon algorithm described in [10,11]. Since at
every iteration of Step 3(1) a finite number of points
is removed, convergence of the algorithm is guaran-
teed. The remaining points form the convex hull of
the original set.
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Worst-case analysiz

It is obvious that the computation is dominated
by the sorting. proced\;re in Step 2 (the tvo other
steps having a running time proportional tc n, the
number of points). In the worst case, wher: all points
lie on a straight lme, the soriing ‘has a complexity of 0
(nlogn).

Compan‘sori with the algorithr: of Jarvis

'the new algorithm and the algorithm of Jarvis [2]
were programmed in FORTRAN for the {BM 370/
158. Test problems were generated randomly in the
unit square using a uniform random number genera-
tor. In all problems tried the proposed algorithm ran
morg than 3 times faster than the algorithm of
Jarvis. Typically, run-time averages were as follows:

12 X 1075 X n log i seconds for the new #lgosithm
and 40X 1075 X 1 log n seconds for Jarvis' aigorith:m,
(Note that the algorithm of Jarvis was programmed
following all possible improvements suggested in [2].)

Advantages of the new algorithm

The principal advantages of the new algorithm
can be summarized as foliows:

(1) For large values of » it is safe to say that at
least half the points are discarded in Step 1. This was
generally observed. '

(2) Breaking the problem into subrrobiems by
distributing the remaining points into the different
regions makes it easier (and therefore faster) to solve.
This is a good illustration of the divide-ai.d-conquer
concept [5,8].

(3) The cross product criterion is very simple and
inexpensive especially when compared to computa-
tion of angles, as suggested by Graham [1] shifting
of axes, as suggested by Jarvis [2], or evaluation of
trigonometric functions as suggested by Andezson
[15].

Note that Step 3 in the above algorithm differs
from Step 5 in Graham’s algorithm [1] in that, not
only are angles not computed, but the endpoints in
the convex path in each subregion are known thus
yielding a simpler termination criterion than that
suggested in [16].
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Conclnsion

A new algorithm has been presented for deter-
mining the convex huil of a set of points in the plane.
A very efficient preprocessing procedure as well as a
novel criterion for identifying convex points were
described. Due to its high speed the algorithm is
recommended for applications where computation
time i8 the primary factor, such as the Monte Carlo
studies considered in [9].

An iterative version of this algorithm that repeat-
edly uses the “throw-away” principle and does not
sort appears in [12]. K.R. Anderson [14] of M.I.T.
has independentlv ©  +cred a similar implementa-
tion of this basicx. ring the reviewing process.
We show in [12] and [13] that the iterative algorithm
has worst case complexity of O(n log 7) and an asymp-
totic exp2cied run time behaviour of O(n).
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