Finding Hamiltonian Circuits in Arrangements of Jordan Curves

is NP-Complete

Chuzo Iwamoto

Department of Computer Science and Communication Engineering

Kyushu Universit y

F ukuok a, Japan

Godfrie d T. T oussaint

School of Computer Science

McGill University

Montreal, Canada

ABSTRACT

Let A = fC

1

; C

2

; : : : ; C

n g b e an arrangement of Jordan curves in the plane lying in

general p osition, i.e., every curve prop erly intersects at least one other curve, no two

curves touch each other and no three meet at a common intersection p oint. The Jordan-

curve arrangement graph of A has as its vertices the intersection p oints of the curves

in A, and two vertices are connected by an edge if their corresp onding intersection

p oints are adjacent on some curve in A. W e further assume A is such that the resulting

graph has no multiple edges. Under these conditions it is shown that determining

whether Jordan-curve arrangement graphs are Hamiltonian is NP-complete.

KEYWORDS

NP-completeness; Hamiltonian circuit; arrangements of Jordan curves; computational

complexity; computational geometry

1 Intro duction

A Hamiltonian circuit in a graph is a circuit which passes through every vertex of the graph

exactly once. The Hamiltonian circuit problem asks whether there exists at least one Hamiltonian

circuit in a given graph. There have b een at least three approaches taken in the past towards

the study of Hamiltonian circuits. In one approach su�cient conditions are sought for which

graphs are Hamiltonian. F or example, it is known that all 4-connected triangulated graphs [15],

4-connected planar graphs [14], [3] and 1-sail line arrangement graphs [4] are Hamiltonian. Also,

the visibility graphs of sets of line segments with the prop erty that the line segments are of unit length whose endp oints have integer co ordinates, are Hamiltonian [10]. A related computational

question concerns how fast we can �nd a Hamiltonian circuit in a Hamiltonian graph. F or any

4-connected planar graph G with n vertices, a Hamiltonian circuit in G can b e found in O (n

3

)

time [7]. If only the vertices where a turn is made need b e rep orted (a stre amline d Hamiltonian

circuit) then a Hamiltonian circuit for 1-sail line arrangement graphs can b e found in �(n log n)

time, where n is the number of lines in the arrangement [5]. A second approach is to �nd restricted

classes of graphs for which we can determine in p olynomial time whether or not instances of such

graphs admit a Hamiltonian circuit. F or example if each line segment of a set of n disjoint line

segments in the plane has at least one of its end p oints on the convex hull of the set, it can b e

determined in O (n log n) time whether the set admits a Hamiltonian circuit through its endp oints

such that it is a simple p olygon and uses every line segment exactly once [12]. The third approach

to the Hamiltonian circuit problem has b een to search for restricted classes of graphs for which the

problem is NP-complete. F or example, the Hamiltonian circuit problems for general graphs [8], for

3-regular 3-connected planar graphs [6], and for 3-regular bipartite planar graphs [1] are known

to b e NP-complete. (A graph is said to b e 3-re gular if each vertex of the graph has degree 3.)

Also, in the line segment problem discussed ab ov e, if the convex hull restriction is removed and

line segments are allowed to touch at their end p oints it is NP-complete to determine if they admit

a simple Hamiltonian circuit [11]. One of the results on a related problem is the NP-completeness

of the edge Hamiltonian path problem for bipartite graphs [9].

Recently several di�erent classes of arrangement graphs hav e b een intro duced [4]. F or ex-

ample, an arrangement of n lines in general p osition (no tw o parallel and no three concurrent)

de�nes a set of intersection p oints joined by edges. The graph whose vertices are the intersection

p oints and whose edges are the segments of the lines b etween adjacent intersection p oints, is called

a line-arrangement graph. Hazel Everett [5] has shown that not all line-arrangement graphs are

Hamiltonian. On the other hand the great-circle-arrangement graph on the sphere (obtained in a

similar manner from a set of great circles on the sphere in general p osition) has b een recently shown

to b e Hamiltonian by Bruce Reed [13]. Using stereographic pro jection of the sphere onto the plane

(the light source is at the furthest p oint on the sphere from the plane and is not on any circle),

the great-circle arrangement maps to an arrangement of Jordan curves satisfying the following two

conditions: (i) every Jordan curve intersects every other in exactly two p oints and (ii) there exists

a p oint in the plane that is contained in every curve. F rom Reed’s result, we can show easily

that Jor dan-curve arr angement gr aphs satisfying these conditions are Hamiltonian. In this note

we show that if the ab ov e tw o conditions are remov ed, the Hamiltonian circuit problem is NP-

complete. More precisely

, we establish the NP-completeness of the Hamiltonian circuit problem for

the class of Jordan-curve arrangement graphs with no multi-edges. This class is prop erly contained

in the class of 4-regular graphs. Therefore our result is strictly stronger than the NP-completeness

result for 4-regular planar graphs.

2 De�nitions and Results

A Jordan curve is a curve that partitions the plane into two disjoint regions, a b ounded region

referred to as the interior and an unbounded region called the exterior, which are separated by the

curve. Let C

i and C

j denote two Jordan curves. Let A = fC

1

; C

2

; : : : ; C

n g b e an arrangement of

Jordan curves. The set of intersection p oints of C

i and C

j is denoted by I (C

i

; C

j

). In this pap er,

we assume that no tw o curves are coincident in a non-zero measure intersection. W e further assume

that (i) every curve intersects at least one other curve, (ii) no two curves touch each other, i.e., each

pair of curves intersect prop erly if they intersect at all and (iii) no three curves are concurrent,

i.e., share a common intersection p oint. Let V (A) = fv jv 2 I (C

i

; C

j

) such that C

i

; C

j

2 Ag.

The Jordan-curve arrangement graph of an arrangement A is the graph G

a

= (V

a

; E

a

) such that

(i) V

a

= V (A) and (ii) edges in E

a are formed by curves of A (see Fig. 1). Note that a Jordan-curve

arrangement graph may contain multi-edges. (F or example, the Jordan-curve arrangement graph

in Fig. 1-(b) contains two pairs of multi-edges.)

Theorem 1. The Hamiltonian cir cuit pr oblem for Jor dan-curve arrangement graphs with

no multi-edges is NP-complete.

Remark. Since every Jordan-curve arrangement graph is a 4-regular planar graph, the

Hamiltonian circuit problem for 4-regular planar graphs is also NP-complete. The class of Jordan-

curve arrangement graphs with no multi-edges is prop erly contained in the class of 4-regular planar

graphs, i.e., there exist 4-regular planar graphs G with no multi-edges such that G cannot b e

formed by any arrangement of Jordan curves (see Fig. 2). It should b e noted that the class of

Jordan-curve arrangement graphs with no multi-edges is contained in the class of multi-graphs

formed by arrangements of Jordan curves lying in arbitrary p osition. As a corollary of Theorem 1,

the Hamiltonian circuit problem for arrangement graphs with multi-edges formed by Jordan curves

lying in arbitrary p osition is NP-complete.

Pro of of Theorem 1. Since the Hamiltonian circuit problem for general graphs is in

NP [8], the problem for Jordan-curve arrangement graphs with no multi-edges is also in NP

. It

is known that the Hamiltonian circuit problem for 3-regular planar graphs with no multi-edges

is NP-complete [6]. W e reduce each 3-regular planar graph G with no multi-edges to a Jordan-

curve arrangement graph G

a with no multi-edges such that G is Hamiltonian if and only if G

a is

Hamiltonian. The overview of the pro of is as follows. Starting with G, (i) we construct 4-regular

planar graph G

1 with multi-edges and (ii) we then construct 4-regular planar graph G

a with no

multi-edges. (iii) W e prove that G is Hamiltonian if and only if G

a is Hamiltonian (Lemma 1),

and (iv) we then prove that G

a is a Jordan-curve arrangement graph (Lemma 2). Note that the

input to the problem is not an arrangement but a graph. Using the coloring algorithm given in

the pro of of Lemma 2, we can determine in p olynomial time whether the given graph is a Jordan-

curve arrangement graph. It is known that there is a linear-time algorithm for generating a planar

embedding of a planar graph [2]. Thus, we can assume that the planar graphs in this pap er are embedded in the plane without any crossing edges.

Construction of G

1

: Let v b e a vertex of G, and let x; y , and z b e the three neighbors of v (see

Fig. 3-(a)). W e �rst replace each edge, say (v ; x), of G by two vertices v

x

; x

v and add a pair of

multi-edges b etween v

x and x

v

(see Fig. 3-(b)). W e then replace each vertex v of G by three edges,

(v

x

; v

y

), (v

y

; v

z

), and (v

z

; v

x

). W e call the subgraph induced by these three edges a triangle. W e

denote the resulting graph by G

1

= (V

1

; E

1

). G

1 can b e obtained by lo cally replacing each vertex

and each edge of G with a triangle and a pair of multi-edges, resp ectively

. Thus, G

1 can also

b e emb edded in the plane without any crossing edges. Now each vertex of G

1 has two edges of

a triangle and a pair of multi-edges. Therefore, G

1 is a 4-regular planar graph with multi-edges.

F urthermore, G

1 can b e constructed from G in p olynomial time.

Construction of G

a

: The basic idea is to add four vertices and four edges to each pair of multi-

edges (see Figs. 4 and 5). W e �rst �nd a vertex subset S � V

1 such that (i) exactly one vertex

of each pair of multi-edges is in S and (ii) at least one vertex of each triangle is in S . (W e will

show how to �nd such an S later.) Supp ose that a vertex a of G

1 is in S (see Fig. 4-(a)). Let

e

1

, e

2

, e

3

, and e

4 b e the edges incident to a in clo ckwise order in the plane. F or 1 � i � 4, we

\divide" edge e

i into two edges by adding a new vertex a

i on e

i

(see Fig. 4-(b)). W e then add four

edges (a

1

; a

2

), (a

2

; a

3

), (a

3

; a

4

), and (a

4

; a

1

). W e call a subgraph induced by these four edges a

circle. By applying the ab ove pro cedure to each vertex in S , we obtain G

a

(see Fig. 5-(b)). Now

G

a has no multi-edges. (F or example, the 3-regular graph shown in Fig. 6-(a) is transformed into

the 4-regular graph in Fig. 7-(b). The reason for using the set S � V

1 rather than using all of V

1

is given in the pro of of Lemma 1.)

It remains to show how to construct S � V

1 in p olynomial time. W e �rst construct a vertex

set S

1

� S such that (i) at most one vertex of each pair of multi-edges is in S

1 and (ii) exactly

one vertex of each triangle is in S

1

(see Fig. 7-(a)). Note that there are pairs of multi-edges in G

1

neither of whose vertices are in S

1

. By adding one arbitrary vertex of each such pair to S

1

, we

obtain S . The construction of S

1 is as follows. W e construct a dire cte d subgraph D = (V ; E

D

)

in the original graph G = (V ; E ) such that all of D ’s vertices have out-degree one (see Figs. 5-(a)

and 6-(c)). Recall that vertices and edges in G were replaced by triangles and pairs of multi-edges

in G

1

, resp ectively (see Figs. 3-(b) and 7-(a)). A vertex v

x of G

1 is in S

1 if and only if there exists a

directed edge (v ; x) in E

D

(see Figs. 3-(b) and 5-(a)), i.e., we can obtain vertex set S

1 from edge set

E

D by replacing each (v ; x) 2 E

D with vertex v

x

2 S

1

. D = (V ; E

D

) can b e constructed as follows.

W e �rst �nd an undir e cte d spanning tree, say T = (V ; E

T

), in G (see Fig. 6-(b)). W e choose an

arbitrary vertex, say r , among T ’s leav es. W e p erform a depth-�rst search from r in order to obtain

a directed spanning tree such that all tree edges are directed toward r (see Fig. 6-(c)). Note that

every vertex of T , except for r , now has outdegree exactly one. (r has in-degree one and out-degree

zero.) F urthermore, we �nd an undirected edge (r; s) 2 E such that (r; s) = 2 E

T

. By adding directed

edge (r; s) to E

T

, we obtain E

D

(and hence we obtain D = (V ; E

D

)).

Lemma 1. G is Hamiltonian if and only if G

a is Hamiltonian.

Pro of. Recall that exactly one vertex of each pair of multi-edges of G

1

= (V

1

; E

1

) is in S . In

other words, exactly one vertex of each pair of multi-edges of G

1 is not in S . Let S = V

1

� S . Then,

by removing all the vertices in S from G

a

, we can decomp ose G

a into connected comp onents, each

of which corresp onds to a vertex of G. Let C P

v denote the connected comp onent corresp onding

to vertex v of G (see Fig. 8. v

1

; v

2

, and v

3 b elong to S .) Note that C P

v is a subgraph of G

a

. Let

x; y , and z b e the three neighbors of v in G (see Fig. 3-(a)). (Intuitively , v

1

, v

2

, and v

3 in Fig. 8

corresp ond to the three edges (v ; x), (v ; y ), and (v ; z ) in Fig. 3-(a), resp ectively .)

(() Supp ose that there is a Hamiltonian circuit hc

a in G

a

. Recall that v ; x; y , and z of G

corresp ond to subgraphs C P

v

; C P

x

; C P

y

, and C P

z in G

a

, resp ectively . W e �rst construct a circuit

c in G such that c passes through v from u to w if and only if hc

a passes through C P

v from C P

u

to C P

w

, where u; w 2 fx; y ; z g and u 6= w . Since hc

a passes through every subgraph C P

v

, the

corresp onding circuit c also passes through every vertex v of G. If hc

a passes through every C P

v at

most onc e, then c passes through every vertex v of G at most once (and hence c is a Hamiltonian

circuit of G). In the following, we show that hc

a passes through every C P

v at most once. Consider

a subgraph C P

v of G

a

. Supp ose without loss of generality that hc

a passes through C P

v from C P

x

to C P

y

. Assume for contradiction that hc

a revisits C P

v

. Since hc

a passes through C P

v from C P

x

to C P

y

, hc

a must revisit C P

v from C P

z

. Since hc

a is a circuit, hc

a must pass through C P

v from

C P

z to either C P

x or C P

y

. If it is from C P

z to C P

x

(resp. from C P

z to C P

y

), hc

a must revisit the

vertex in S b etw een C P

v and C P

x

(resp. b etween C P

v and C P

y

), which contradicts the assumption

that hc

a is a Hamiltonian circuit.

()) Let v

1

; v

2

, and v

3 b e three vertices in S which corresp ond to edges (v ; x); (v ; y ), and

(v ; z ) in G, resp ectively (see Fig. 8). It is not di�cult to check that there is a Hamiltonian p ath in

each C P

v b etw een every two of the three vertices, v

1

, v

2

, and v

3

(see Fig. 9, symmetric cases are

omitted). Supp ose that there is a Hamiltonian circuit hc in G. W e can construct the corresp onding

circuit c

a in G

a such that hc passes through v from u to w if and only if c

a passes through C P

v

from C P

u to C P

w

, where u; w 2 fx; y ; z g and u 6= w . Since hc passes through every vertex v of

G exactly once, c

a passes through every subgraph C P

v exactly once. The Hamiltonian path which

passes through C P

v visits every vertex of C P

v

’s circles and triangle exactly once. Therefore, circuit

c

a passes through every vertex of G

a exactly once. 2

Lemma 2. G

a is a Jor dan-curve arr angement gr aph.

Pro of. Since G

a was constructed by adding circles to G

1

, G

a is a Jordan-curve arrangement

graph if G

1 is a Jordan-curve arrangement graph. In the following, we show G

1 is a Jordan-curve

arrangement graph. Recall that the planar graphs G and G

1 are emb edded in the plane so that

none of their edges cross. Consider the following edge-coloring algorithm:

(1) Initially

, all edges have no colors.

(2) Cho ose an arbitrary edge with no color, and color it with a new color.

(3) Find an edge, say e

1

, with no color which satis�es the following condition: There exist three

edges e

2

; e

3 and e

4 such that e

1

; e

2

; e

3

, and e

4 are incident to a vertex in clo ckwise order and

that e

3 has already b een colored. (See Fig. 4-(a).)

(4) Color e

1 with the same color as e

3

.

(5) Rep eat (3) and (4) until there is no edge e

1 satisfying the ab ove condition.

(6) Rep eat (2)-(5) until all edges are colored.

By applying this algorithm to G

1

, we obtain subgraphs each of which consists of edges having the

same color. Since G

1 is embedded in the plane so that none of its edges cross, these subgraphs

are also embedded in the plane without any crossing edges. In the following, we show that each of

these subgraphs is a 2-regular graph, i.e., it do es not contain vertices of degree 4. (Note that if they

are 2-regular graphs, we can construct the corresp onding arrangement by replacing each 2-regular

subgraph with a Jordan curve.)

Consider an arbitrary face f of G (see Fig. 10-(a)). Let (a; b); (b; c), and (c; d) b e edges on

the b oundary of f . By the transformation from G to G

1

, (i) vertex b (resp. c) of G, which is the

b oundary p oint of three faces, is replaced by three edges, one of which is (b

a

; b

c

) (resp. (c

b

; c

d

)),

and (ii) edge (b; c) of G, which is the b oundary of tw o faces, is replaced by a pair of multi-edges

b etween b

c and c

b

(see Fig. 10-(b)). By the coloring algorithm, edge (b

a

; b

c

) is colored by the same

color as one of the multi-edges b etw een b

c and c

b

, which is furthermore colored by the same color as

edge (c

b

; c

d

). Thus, edges (b

a

; b

c

) and (c

b

; c

d

) are colored by the same color. F rom this observation,

one can see that there exists a face f

a of G

a which corresp onds to the face f of G such that edges

(b

a

; b

c

) and (c

b

; c

d

) are on the b oundary of f

a if vertices a; b; c, and d are on the b oundary of f .

More generally

, exactly half of edges colored by the same color are on the b oundary of a single face

of G

a

, and exactly one of every two adjacent edges colored by the color is on the b oundary of the

face. Therefore, edges colored by the same color form a 2-regular subgraph which corresp onds to

a face of G. 2

Example. W e give an example of arrangements of Jordan curves whose graphs are not Hamilto-

nian (see Fig. 7-(c)). The 3-regular planar graph shown in Fig. 6-(a) is not Hamiltonian, since it is

not 1-tough [3], i.e., we can decomp ose it into thre e connected comp onents by removing two ver-

tices. This non-Hamiltonian graph can b e reduced to the 4-regular planar graph with no multi-edges

shown in Fig. 7-(b). This 4-regular graph is also non-Hamiltonian, since removing two subgraphs

which corresp ond to the ab ov e two vertices decomp oses the 4-regular graph into three connected

comp onents. (Although there is a Hamiltonian path in each of the three connected comp onents, no

Hamiltonian circuit can b e constructed by connecting those three Hamiltonian paths.) Therefore,

the arrangement of Jordan curves shown in Fig. 7-(c) is non-Hamiltonian.

Ackno wledgment. W e would like to thank Jit Bose, Bepp e Liotta and other members of the

Computational Geometry seminar at McGill University for interesting discussions on this topic.

W e would also like to thank the referees for their helpful comments.

References

[1] T. Akiyama, T. Nishizeki and N. Saito, NP-completeness of the Hamiltonian cycle problem

for bipartite graphs, Journal of Information Pr o c essing 3 (1980) 73-76.

[2] N. Chiba, T. Nishizeki, S. Ab e and T. Ozawa, A linear algorithm for embedding planar graphs

using PQ-trees, J. Comput. System Sci. 30 (1985) 54-76.

[3] V. Chv atal, Hamiltonian cycles, in: E.L. Lawler, ed., The T r aveling Salesman Problem (John

Wiley & Sons Ltd., Chichester, 1985) 403-429.

[4] D. Eu, E. Guevremont and G.T. T oussaint, On classes of arrangements of lines, in: Pro c.

F ourth Canadian Conferenc e on Computational Ge ometry (1992) 109-114.

[5] D. Eu, E. Guevremont and G.T. T oussaint, On envelopes of arrangements of lines, T ec h. Rept.

No. SOCS 93.10, McGill University

, School of Computer Science, November 1993.

[6] M.R. Garey

, D.R. Johnson and R.E. T arjan, The planar Hamiltonian circuit problem is NP-

complete, SIAM J. Comput. 5 (1976) 704-714.

[7] D. Gouyou-Beauchamps, The Hamiltonian circuit problem is p olynomial for 4-connected pla-

nar graphs, SIAM J. Comput. 11 (1982) 529-539.

[8] R.M. Karp, Reducibility among combinatorial problems, in: Complexity of Computer Compu-

tations (Plenum Press, New Y ork, 1972) 88-104.

[9] T.-H Lai and S.-S. W ei, The edge Hamiltonian path problem is NP-complete for bipartite

graphs, Inform. Pro c ess. Lett. 46 (1993) 21-26.

[10] J. O’Rourke and J. Ripp el, A class of segments whose visibility graphs are Hamiltonian, T ec h.

Rept. #12, Smith College, 1991, also to app ear in Computational Geometry: Theory and

Applications.

[11] D. Rappap ort, Computing simple circuits from a set of line segments is NP-complete, in: Pro c.

3rd ACM Symposium on Computational Geometry (1987) 322-330.

[12] D. Rappap ort, H. Imai and G.T. T oussaint, Computing simple circuits from a set of line

segments, Discrete & Computational Geometry 5 (1990) 289-304.

[13] Reed, B., Private communication, 1994.

[14] W.T. T utte, A theorem on planar graphs, T r ansactions of the Americ an Mathematical So ci-

ety 82 (1956) 99-116.

[15] H. Whitney

, A theorem on graphs, Annuals of Mathematics 32 (1931) 378-390.

(a) (b)

Fig. 1 (a) Arrangement of four Jordan curves (b) Jordan-curve arrangement graph

Fig. 2 A graph that cannot b e formed by any arrangement of Jordan curves

(a) (b)

Fig. 3 (a) V ertices of G (b) T riangles of G

1

(a) (b)

Fig. 4 (a) F our edges incident to vertex a in G

1

(b) Circle in G

a

(a) (b)

Fig. 5 (a) Directed subgraph D in G (b) Circles of G

a

(a) (b) (c)

Fig. 6 (a) 3-regular graph (b) Spanning tree T (c) Directed subgraph D

(a) (b) (c)

Fig. 7 (a) V ertex set S

1 in G

1

(b) 4-regular planar graph G

a with no multi-edges

(c) Arrangement of Jordan curves

Fig. 8 Connected comp onent C P

v

Fig. 9 Hamiltonian paths

(a) (b)

Fig. 10 (a) F ace of G (b) Corresp onding 2-regular subgraph in G

1